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Dimension and Product
Aim: Measure the “complexity” of a poset P.

Def. dimension of P = min # linear orderings of P
st. x<yinP & x precedes y in each ordering.

= min # chains in whose product P is a subposet.

Def. product of P and Q is the poset P x Q on
{(p,q): peP,qe} such that
(p.g) <P, Q") & p<pp’andqg=<oq’.

Ex. P=3,0=4.
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The Standard Example S,

Def. S, has minimal elements a1, ..., a, and maximal
elements b4, ..., bn, with a; < b; & (#].

Upper bound: dim;S, < n.

0111 1011 1101 1110

1000 0100 0010 0001

Lower bound: dimS, > n.

Each a; must be above b; on some extension.
Each extension has at most one such pair.

A—-{a;} <bj<a;<B-{b;}
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History
o dimy(Px Q) <dimgP+ dimgQ (concatenate codes)

Thm. (Baker[1961], Kelly [1981]) If P and Q are
bounded then dim(P x Q) =dimP+dim Q.

Conj. (Trotter [1981]) dim(Px Q) =>dimP+dimQ — 2.
Conj. (Trotter [1985]) 3 P with dimP =dim(P x P) = n.
Thm. (Trotter [1985]) dim(5, x S,) =2n— 2.

Thm. (Reuter[1989]) dim(Sm xSp)=m+n—2.
Thm. (Reuter[1989]) dim(PxP) >4 ifdimP = 3.

Thm. (C. Lin[1991]) dim(S;n XxSp)=m+n-2,
where 57 is Sy, plus a global max and global min.
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Results

Thm. dims(S,m xSp)#m+n-—2 m+n-1,
dimy(Sm xSp)=m+n.

Conj. For connected posets with dimgP, dimxQ > 2,
dimg(Px Q) >dimgP+dimgQ —min{2,k—2}.

Thm. If n; >t forall i, then dimz(]_[les,,(.) = Zle ni.

Thm. If n; > t, then dimk(]_[f.L:lSm) >2+ Zl.;l(n,- -2).

Thm. If Pis a bounded poset and k is fixed, then
2dimgmP — dimg(mP x mP) is unbounded.
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Products of Antichains

Let A, = antichain with n elements.
Prop. 2dimyA, —dimy(A, x Ap) is unbounded.

Pf. dim> A, = min{t: (Wtzj) >n}, so
dimyA,=Ilgn+ — > |g|gn+O(IgIgIgn)

Since A, x A, =A,2,

dimy(Ap xAp)=2Ilgn+ — > Ig lgn+ O(lglglgn).
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Generalizations (k > 2, non-antichains)

Lem. Fork € o(Igt), width(k®) ~ ‘/ﬁ'
-m

Pf. The rank of a random element of k! is the sum of t
uniform random variables on {0, ..., k—1}.

Pr [rank: [%H ~[(k2 - 1)%]_1/2. n

Thm. If keo(lglgn), then 2dimg A, —dimg (A, xA,) — 0.

Lem. If Pis bounded and dim;P = p, then
mPC2" & m(p+1)c?2.

Pf. To embed mP, each P needs an interval of length p.

Lem. (Griggs-Stahl-Trotter [1984])

max{m: m(p+1) € 2} = (L(t:ng)m)'

Thm. For bounded P, 2dim; mP — dimy(mP x mP) — oo.
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Bipartite Posets

Def. bipartite posets - each element is a max or a min.

nontrivial - 1) Yu < v, 3 x,y as shown below, and
2) VYV x|ly, 3 zcomparable to x but not y.

Lem. If P and Q are nontrivial (bipartite), then
dimg(P x Q) = dimg(R), where R consists of the
maximal and the minimal elements in P x Q.

Def. k-extension - order-preserving f:P—{0, ..., k—1}.

e 3 embedding in k! < 3 k-extensions fy,..., ft
such that x||ly = fi(x) > fi(y) for some i.

e Suffices to handle (x,y) with x min’l and y max’l in R.
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S xS, - Critical Pairs and 2-extensions

Write (a;, br,s) for ((a;, ajf), (b, b;)) with i, r € [m] and
j,s€[n]. Notethat a;; < b,sif i#randj#s.
Def. Critical pairs (a;;, b;s) are of three types:

vertical pairs-i#randj=s. 3 m?n—mn of these.

horizontal pairs - i=r and j #s. 3 mn? — mn of these.
straight pairs-i=randj=s. 3 mn of these.

Def. Types of 2-extensions (m = 3 and n = 4).

RPOO O K
RPOO O K
RPOO O K
RPOO O K
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Counting Argument

Def.

(Trotter [1985], for k = o0) A k-extension is

saturated if the set of critical pairs it handles is not a
proper subset of that handled by any other.

Lem. The # of critical pairs handled (k = 3 omitted):
k=2 k>4
vertical horiz. str. vertical horiz. str.
V| m2-m 0 m m2—-m 2n -2 m
H 0 n?-n n 2m -2 n?—-n n
B m-1 n-1 1 2m =2 2n—2 2
C 2 2 0
tot | m2n—mn mn?—-mn mn | m?n—mn mn?-mn mn
Linear program: minV+H+B+C. Forke {2, 3},

dual feasible solution shows dimy > m+n+ k — 3.

Fork>4,V+H+B<m+n-2 = V<n-2orH<m-2.
If V=n—r, then vertical = H+Bz%>m+r—3.
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A New Approach - k-Conflicted Sets

Aim: Avoid analyzing saturated k-extensions.

Def. Two critical pairs are k-conflicted if

every k-extension takes care of at most one of them.
A set S of critical pairs is a k-conflicted set if

every two pairs in S are k-conflicted.

e If Sis a k-conflicted set for P, then dimy P > |S]|.

Lem. Critical pairs (x, y) and (x’, y’) in a bipartite
poset are 2-conflicted if x <y’ or x’ < y.
They are k-conflicted fork > 3 if x <y’ and x’ < y.

Pf. Handling (x,y) and (x’,y’) with x <y’ in a k-extension
f requires f(y) < f(x) < f(y’) < f(x’) (three values).

If x <y’ and x’ <y, then (x, y) and (x’, y’) form an
“alternating cycle”. [
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dim2(Sm x Sp), again
Thm. Form,n >3, dimy(5, xSp)=m+n.

Pf. Present a 2-conflicted set of size m + n.

(aij, br,s) with i=rorj=sand (agh, bp,q) Withg=p orh=q
are 2-conflicted if (i # p and j # q) or (g #r and h # s).
Represent in grid: (i,j) — (r, s) represents pair (a;, brs).
Incomparable if lies within one row or one column.

2-Conflicted <« for any two arrows, tail of one is in
different row and column from head of the other.

o0 [ ] [ ] [ [ [ ]
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t-fold Products

Let P = ]_[lesm, nontrivial, so dimgP = dimgR,
where R consists of {(all-min, all-max}.

Incomparable pairs: (a;,,....i,, bry,...,r.) With equality in
some index. Represent each by arrow in t-dimensional
grid. Arrows are 2-conflicted if tail of one differs from
head of the other in every coordinate.

.....

Idea: For ]_[lest, present a cycle C; of length t2 in the
t-dimensional 9rid consisting of 2-conflicted arrows.
Yields dim([ | 1St) =t-t.

=

For 1‘[[?:15”[ with each n; > t, add n; — t arrows for extra

hyperplanes in the ith direction, copying arrows on C;.
Yields dima([]_, SO) =3, ni.



The t-lagging cycle

Def.

The t-lagging cycle is the cycle C; consisting of
vectors v1,..., vi2 in [t]! given by letting v = (1,...,

1)

and, forj > 1, forming vj;1 from v; by adding 1 (mod t)

to each coordinate except the ith, where i = mod t.

Ex. C4, reading down columns:
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The t-lagging cycle is the cycle C; consisting of
vectors v1,..., vi2 in [t]! given by letting v = (1,...,

1)

and, forj > 1, forming vj;1 from v; by adding 1 (mod t)

to each coordinate except the ith, where i = mod t.
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e In t? steps, each entry augments by t? — t.
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The t-lagging cycle

Def. The t-lagging cycle is the cycle C; consisting of
vectors v1,..., vg2 in [t]! given by letting vi =(1,...,1)
and, forj > 1, forming vj;1 from v; by adding 1 (mod t)
to each coordinate except the ith, where i = mod t.

Ex. C4, reading down columns:

(1,1,1,1) (4,4,4,4) (3,3,3,3) (2,2,2
(1,2,2,2) (4,1,1,1) (3,4,4,4) (2, 3,3,
(2,2,3,3) (1,1,2,2) (4,4,1,1) (3,3,4,
(3,3,3,4) (2,2,2,3) (1,1,1,2) (4,4,4,

e In t? steps, each entry augments by t? — t.

e Each vector has theform (g -1, ..., q—-1,q,..., q).
First g doesn’t change.

e Each arrow v; — vj;1 represents ay||by,, ;.



It Works!

Lem. The arrows in C; represent t2 2-conflicted pairs.

Pf. Show that if a,, and b, are incomparable, with
(+1#j,thenay,_; <byg,,.
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Each may start or end with q.
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g-1... q q ...q+1 g+1...9+2

Vj-1 - Vj
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All cases immediate except when r is first index of g in
Vi, sis last index of g in v;, and r < s.



It Works!

Lem. The arrows in C; represent t2 2-conflicted pairs.

Pf. Show that if a,, and b, are incomparable, with
(+1#j,thenay,_; <byg,,.

If av,||by,, then v; and v; share g in some position.
Each may start or end with q.

Vi - Vit
g—2...9-1 g-—-1... ¢ q ...q+1
g-1... q q ...q+1 g+1...9+2

Vj-1 - Vj

All cases immediate except when r is first index of g in
Vi, sis last index of g in v;, and r < s.

Now r is last index of g in v;+1 and s is first index of g in
vj_1. If overlap, thens <r. Nowr=s,and j=i+ 1. [
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