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Abstract

Given graphs Q and P the generalized T uran numb er ext ( Q ; P ) denotes

the maximum numb er of edges of a P -free subgraph of Q . W e consider

the case when P is C

k

, the cycle of lenght k and Q

n

is the hyp ercub e,

(i.e., Q

n

is n -regula r and it has 2

n

vertices).

Erd®s conjectured that

ext ( C

4

; Q

n ) = (
1

2

+ o ( 1 )) e ( Q

n ) (?)

F an Chung sho w ed an upp er b ound 0.623 and that

ext ( C

6

; Q

n ) � ( 1 =4 ) e ( Q

n ) , mo reover that ext ( C

4 k

; Q

n ) = o ( e ( Q

n )) .

There a re further results concerning C

10

b y Alon et al., b y Axenovich et

al., b y A. Thomason et al., and mo re.

Here w e deal with the next unsolved case, and sho w that

ext ( C

14

; Q

n )=e ( Q

n ) ! 0 :

This is a joint w o rk with Lale Özk ahy a .

Zoltan Füredi Lo oking fo r a C 14 in the hyp ercub e



AIM OF LECTURE

Summa ry : (Generalized) T uran p roblems a re ha rd

(e.g., to determine ext ( Q

n ; C

4

) ),

so �nd solvable cases, lik e ext ( Q

n ; C

14

) .

1/1 T uran's p roblem (a sho rt overview of the sizes of C

k

-free graphs)

1/2 The generalized T uran's p roblem:

Erd®s' question on C

4

-free subgraphs in Q

n

1/3 Other cycles, C

6

, C

8

, C

10

1/4 Ramsey results on the hyp ercub e

2 Main result: ext ( Q

n ; C

14

) = o ( e ( Q

n ))

3/1 T o ols of p ro of : subgraphs of la rge girth

3/2 T o ols of p ro of : sup ersaturated graphs, i.e., the numb er of C

4

's

3/3 T o ols of p ro of : intersection structure of C

8

's in Q

n

4 Other gen'd T uran p roblems, T uran's p roblem in the random graph
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Standa rd notations

[ n ] := f 1 ; 2 ; : : : ; n g
G

n

= ( V ; E ) a graph on n vertices

K

n

complete graph on n vertices

C

n

cycle of length n

Q

n

the hyp ercub e , V ( Q

n ) = f 0 ; 1 gn

(�
1

; �
2

; : : : ; �
n

) joined to (�
1

; �
2

; : : : ; �
n

) if

they di�er in exactly one co o rdinate.

n -regula r, it has 2

n

vertices and n 2

n � 1

edges.

e ( G ) := the numb er of edges in the graph G ,

deg

G

( x ) degree of vertex x 2 V ( G ) in the graph G

N

G

( x ) � V , neighb o rho o d (Note, x 62N ( x ) )
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The T uran Problem

Given host graph Q , a (small) sample graph P determine

ext ( Q ; P ) : The maximum numb er of edges of a P -free subgraph of Q .

Usually ext ( K

n

; P ) is denoted b y ext ( n ; P )
= max numb er of n -vertex P -free graph.

The case of triangle C

3

(Mantel 1907)

ext ( n ; C

3

) = b
1

4

n

2 c.

The case of quadrilateral C

4

ext ( n ; C

4

) �
1

2

n

3 =2

.

b y Bro wn (1966) and Erd®s, Rényi, T. Sós (1966).

Erd®s and E. Klein (1938) sho w ed f ( n ) = �( n

3 =2 ):
Exact fo rmula ( n = q

2 + q + 1, q = p

�
) b y ZF (1983,1996).
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Hexagon-free graphs

Upp er b ound (ZF, Nao r, V erstraëte 2003)

ext ( n ; C

6

) � 0 :627 : : : n

4 =3

.

Algeb raic lo w er b ound ext ( n ; C

6

) � ( 1 + o ( 1 )) 1

2

p
2

n

4 =3

b y Benson (1966).

Co e�cient w as imp roved to

1

2

(Lazebnik, Ustimenk o, W olda r, 1997)

b y using the p rop erties of generalized quadrangle in �nte geometries.

Best kno wn lo w er b ound (construction b y ZF, Nao r, V erstraëte 2003)

ext ( n ; C

6

) � 0 :534 : : : n

4 =3

.

using a combination of the algeb raic and randomized metho ds.

Conjecture on lim

n !1 ext ( n ; C

6

)=n

4 =3

.

So rry , no conj is kno wn.

One can conjecture that this limit exists.
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Odd cycles, even cycles

Theo rem (Erd®s, follo ws from Simonovits' edge-colo r-critical result,

1970) F o r n > n

0

( k )

ext ( n ; C

2 k + 1

) = b
1

4

n

2 c:

Theo rem Bondy-Simonovits (1970) even cycle upp er b ound

ext ( n ; C

2 k

) = O ( n

1 +( 1 =k ) ):

Best upp er b ound 8 ( k � 1 ) n

1 +( 1 =k )
b y V erstraëte (2000).

Exp onent in BS b ound is sha rp fo r C

4

, C

6

, C

10

, b y Benson (1966).

Mo re algeb raic constructions b y W enger (1990).

Random lo w er b ound 
( n

1 + 1 =( 2 k � 1 ) ) Erd®s and Rényi (1962).

Algeb raic constructions fo r every C

2 k

(exp onent ab out 1 + 3 =( 4 k ) ) b y

Ma rgulis, Lub otzky-Phillips-Sa rnak, Lazebnik-Ustimenk o-W olda r.
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Lo oking fo r a quadrilateral in Q

n

Conjecture (Erd®s, 1984)

ext ( Q

n ; C

4

) = (
1

2

+ o ( 1 )) e ( Q

n )

a b

c

a+b-c

d

e

f

g

� Three vertices a ; b ; c of a C

4

determines the fourth a + b � c .

=) No C

4

b et w een consecutive levels.
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C

4

-free subgraphs of Q

n

� T aking every second level one gets a

C

4

-free subgraph of size

1

2

e ( Q

n ) .

� d

a v e

� ( 1

2

n + 1 )
b y adding a few indep edges.

� d

a v e

� ( 1

2

n +
3

2

+ o ( 1 ))

b y Dejter and Guan (1991).

� d

a v e

� ( 1

2

n + 0 :45

p
n )

Brass, Ha rb o rth, & Nierb o rg (1995)
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Lo w er b ounds and exact values on ext ( Q

n ; C

4

)

Theo rem (Brass, Ha rb o rth, and Nierb o rg, 1995)

1

2

( n +
p

n ) 2

n � 1 � ext ( Q

n ; C

4

) , when n is a p ositive integer p o w er of 4.

1

2

( n + 0 :9

p
n ) 2

n � 1 � ext ( Q

n ; C

4

) fo r all n � 9 .

n 2 3 4 5 6 7

e ( Q

n ) 4 12 32 80 192 448

ext ( Q

n ; C

4

) 3 9 24 56 132 � 304

0.75 0.75 0.75 0.7 0.6875 � 0.678..

n 8 9 10 ... 16

e ( Q

n ) 1024 2304 5120 524,288

ext ( Q

n ; C

4

) � 680 � 1524 � 3328 � 327,680

� 0.664.. � 0.661.. � 0.65 � 0.625

Zoltan Füredi Lo oking fo r a C 14 in the hyp ercub e



Upp er b ounds on ext ( Q

n ; C

4

)

The sequence ext ( Q

n ; C

4

)=e ( Q

n ) is monotone decreasing, limit 9.

Theo rem (F an Chung, 1992)

ext ( Q

n ; C

4

) � 0 :6229 e ( Q

n ) fo r n > n

0

.

She counts the C

4

-free subgraphs of Q

3

(there a re 99 of those),

lik e this one:

She uses inequalities lik e:

F o r all graphs H

n

The numb er of 4 � + + �
5

8

�
n

3

�
.
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Best upp er b ound on ext ( Q

n ; C

4

)

Theo rem (Thomason, W agner, 2008)

ext ( Q

n ; C

4

) � 0 :6226 e ( Q

n ) fo r n > n

0

.

There a re 3,212,821 C

4

-free subgraphs of Q

4

.

Instead, they classify the (at most 2

80

) C

4

-free subgraphs of Q

5

into 64,935 groups, cha racterized b y a �vetuple of integers.

T ak e the convex hull of those �ve tuples in R

5

.

This p olytop has only 33 vertices. . . . . . . . . .

(They have used a computer)

Hints to imp rove to 0 :6209 with (much) mo re extensive computer usage.

F urther results b y Johnson and Entringer (1989), Bialosto cki (1983),

Bro w er, Dejter, C. Thomassen (1993), R. Emamy ( d = 5),

Shelp and A. Thomason (2000) considered 3 consecutive la y ers .
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Lo oking fo r a C

6

in Q

n

ext ( Q

n ; C

k

)=e ( Q

n ) is monotone decreasing,

c

k

:= lim

n !1 ext ( Q

n ; C

k

)=e ( Q

n ) exists.

Theo rem (F an Chung, 1992)

1

4

e ( Q

n ) � ext ( Q

n ; C

6

) � (
p

2 � 1 + o ( 1 )) n 2

n � 1

A ctually she gave a four-colo ring of E ( Q

n ) such that

each colo r class A

n

; B

n

; C

n

; D

n

a re hexagon-free.

Theo rem (Conder, 1993)

1

3

e ( Q

n ) � ext ( Q

n ; C

6

)

Explicit 3-colo ring, such that no mono chromatic C

4

, neither C

6

.

C

6

is not 3-Ramsey .

0 :5 � c

4

� 0 :62258

0 :333 : : : � c

6

� 0 :414 : : :
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A 4-colo ring of E ( Q

n ) into C

6

-free subgraphs

F an Chung (1992): 9 a 4-decomp osition on

E ( Q

n ) = E ( A

n

) [ � � � [ E ( D

n

)
- A

n

, B

n

, C

n

and D

n

a re C

6

-free,

- mo reover E ( A

n

) [ E ( B

n

) and E ( C

n

) [ E ( D

n

) a re C

4

-free, to o.

Induction n ! n + 2.

A B

B A

n n

odd

n n

odd
An+2

B

A B

A

B

C D

C

DC

D

D

CD

C

n

n

even

n

n

even

n+2

n n

even

n

n

odd

n

n

odd

n+2

nn

n+2 even
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Longer cycles

Theo rem (F an Chung, 1992)

ext ( Q

n ; C

4 k

) � cn

� ( 1 =2 )+ 1 =( 2 k )
e ( Q

n ) = o ( e ( Q

n )) , fo r k � 2 .

Theo rem (Axenovich, Ma rtin, 2006)

ext ( Q

n ; C

4 k + 2

) � ( 1 + o ( 1 ))

p
2

2

e ( Q

n ) , fo r k � 1 .

c

8

= 0

c

10

� 0 :7071 : : :

c

12

= 0

c

14

� 0 :7071 : : :

: : : : : : : : :
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The neighb o rho o d graphs, H

x

De�nition b y F an Chung (1992).

Given G � Q

n

. De�ne 2

n

graphs, an H

x

fo r each x 2 V ( Q

n ) .

V ( H

x

) := N

Q

( x ) , i.e., j V ( H

x

)j = n .

E ( H

x

) = f uv : 9y such that f uy ; vy g � E ( G )g ( y = u + v � x ) .

N(x)

non-edges

y

x

edges in 

edges in G

Hx

CLAIM.

X

x 2 Q

n

e ( H

x

) =
X

y 2 V ( Q

n )

 
deg ( y )

2

!

� 2

n

 
d

2

!

;

where d = average degree in G , d = 2 e ( G )=2

n

.
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Theo rem (F an Chung, 1992)

ext ( Q

n ; C

4 k

) � cn

� ( 1 =2 )+ 1 =( 2 k )
e ( Q

n )

C

2 k

in H

x

=) C

4 k

in G .

x

N(x)

Since H

x

cannot contain C

2 k

, w e have

2

n

�
d

2

�
�

X

x 2 V ( G )

e ( H

x

) � 8 kn

1 +( 1 =k )
2

n :

Q.e.d.
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C

10

is Ramsey

Op en: ext ( Q

n ; C

4 k + 2

) =? fo r k � 2.

The follo wing result implies that it is p robably o ( e ( Q

n )) .

Theo rem (Alon, Radoi£i¢, Sudak ov, V ondrák 2006)

F o r every �xed c and k � 4 and su�ciently la rge n � n

0

( c ; k ) ,

every edge colo ring of the hyp ercub e Q

n

with c colo rs

contains a mono chromatic C

2 k

.

So, e.g., C

10

is Ramsey , 6 9decomp osition sho wing c

10

> 0 .

Although Axenovich and Ma rtin (2006): induced C

10

is not 4-Ramsey .
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Almost all limits a re 0

T o settle the cases C

4

, C

6

, and C

10

a re to o di�cult. Go higher.

Theo rem (ZF and L. Özk ahy a, 2008+)

ext ( Q

n ; C

2 k

) = o ( E ( Q

n )) fo r all 2 k � 14 .

c

2 k

= 0 fo r all cycle lengths, except fo r C

4

, C

6

, and p ossible C

10

.

Many cases (e.g., C

8 k � 2

, k � 2) w e have b etter (p olynomial) upp er

b ounds.

Theo rem (ZF and L. Özk ahy a, 2008+)

ext ( Q

n ; C

14

) � 2 n

7 =8

2

n = o ( E ( Q

n )) .

Rest of the talk: T o ols of the p ro of , some further results & p roblems .
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C

14

-free subgraphs of Q

n

, sk etch of the p ro of

C14C C
8 8

Consider the C

8

's in G .

1. Mak e G C

4

and C

6

-free

2. If girth � 8, and no C

14

, then C

8

's can meet only in a subpath.

3. C

4

in H

x

=) C

8

in G

Many C

4

in H

x

=) many C

8

in G .

4. Finish p ro of: C

8

's must have an intersection of size 1.
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Eliminating 4-cycles and 6-cycles

La rge-girth Lemma

F o r any subgraph G of Q

n

, 9 G

0 � G such that e ( G

0) �
1

3

e ( G ) and

G

0
has no C

4

o r C

6

.

Pro of:

By Conder (1993) 9 G

1

� Q

n

with e ( G

1

) � 1

3

e ( Q

n ) and no C

4

, no C

6

.

An averaging a rgument implies that 9 � 2 Aut ( Q

n )
(a random automo rphism ) such that

j E ( G ) \ E (� ( G

1

)) j �
e ( G ) e ( G

1

)
e ( Q

n )
�

1

3

e ( G ):

Co rolla ry

1

3

ext ( Q

n ; f C

4

; C

6

; C

14

g) �
1

3

ext ( Q

n ; C

14

) � ext ( Q

n ; f C

4

; C

6

; C

14

g):

C.f., Erd®s 1970, Gy ® ri 1997, ZF, Nao r, V erstraëte 2003, Kühn, Osthus 2004.

Zoltan Füredi Lo oking fo r a C 14 in the hyp ercub e



Intersection of t w o C

8

's in G

F rom no w on: girth ( G ) � 8, and no C

14

.

Claim

Any cho rd of a C

8

in G has length at least 4.

If t w o C

8

's sha re an edge, then they meet only in a path (of lengths 2 , 3 , o r 4 ).

Pro of:

k

a

d

b

c

a + b + c + d = 8 is a C

8

, k is a cho rd.

k + ( a + b ) � 8,

k + ( c + d ) � 8 imply k � 4 .

Supp ose another C

8

meets ab cd in a and c .

Length of the other cho rd is again � 4,

a contradiction.

Restricted intersections =) the numb er of C

8

's in G is at most O ( n

3

2

n ):
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Estimating the numb er C

4

's, sup ersaturated graphs

H is an a rbitra ry n -vertex graph with e edges.

N ( H ; C

4

) := the numb er of C

4

's in H .

Lemma (Erd®s, Simonovits, 1970; Erd®s 1962)

N ( H ; C

4

) � 2

e

4

n

4

�
3

8

n

3

.

Pro of:

d = average degree in H , d = 2 e =n .

d ( x ; y ) = the numb er of x ; y -paths of length 2 (co-degree).

d = average co degree.

N ( H ; C

4

) =
1

2

X

x ; y 2 V ( G )

�
d ( x ; y )

2

�
�

1

2

�
n

2

��
d

2

�
:

d =
�

n

2

� � 1 X
d ( x ; y ) =

�
n

2

� � 1 X

x 2 V

�
d ( x )

2

�
�

�
n

2

� � 1

n

�
d

2

�
:

Hence d �
2 e ( 2 e � n )

n

2 ( n � 1 )
: Q.e.d.
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Lo w er b ound fo r the numb er of C

8

's in G . End of p ro of.

Recall: Each C

4

in H

x

de�nes a unique C

8

in G .

x

N(x)

By Erd®s and Simonovits' Lemma,

N ( G ; C

8

) �
X

x 2 V ( Q

n )

N ( H

x

; C

4

) �
X

x 2 V ( Q

n )

�
2

e ( H

x

) 4

n

4

�
3

8

n

3

�
�

� 2

n + 1

1

n

4

�
d ( G )

2

�
4

�
3

8

n

3

2

n ;

where d ( G ) is the average degree in G .

The End:

Compa re this to the p revious the upp er b ound N ( G ; C

8

) = O ( n

3

2

n ) .

=) d ( G ) = O ( n

7 =8 ) . Q.e.d.
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T uran's Theo rem in the Hyp ercub e, lo oking fo r a sub cub e

QUESTION:

lim

n !1

ext ( Q

n ; Q

d )
e ( Q

d

)
:= 1 � q

d

=?

q

2

= 1 � c

4

.

Delete edges of the hyp ercub e on every d th level =)

ext ( Q

n ; Q

d ) � d � 1

d

e ( Q

n ) . Hence q

d

�
1

d

:

Obviously , if e ( G ) >
e ( Q

d ) � 1

e ( Q

d )
e ( Q

n ) , then G contains a Q

d

, i.e.,

1

d 2

d � 1

� q

d

:

Theo rem (N. Alon, A. Krech, and T. Szab ó 2007)


(
log d

d 2

d

) = q

d

�
4

( d + 1 ) 2

if d is o dd,

4

d ( d + 2 ) if d is even.

CONJ: q

3

= 1 =4 .
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T uran p roblems in Random Graphs

Random graphs a re frequently Ramsey graphs .

Many times via densit y (i.e., T uran t yp e) results. E.g.:

Theo rem (ZF, 1994, answ ering a question of Erd®s and F audree)

9 K

3

-free and K

2 ; 3

-free graph G that is Ramsey fo r C

4

.

Pro of: (sk etch!)

The random graph G ( n ; n

1 : 36 ) ( n vertices and n

1 : 36

edges) is K

3

-free,

K

2 ; 3

-free, but 8 subgraph with 2 n

4 =3 ( log n ) 2

edges contains a C

4

.

ext ( G ( n ; 2 n

1 : 36 ); C

4

) < 2 n

4 =3 ( log n ) 2 :

Problem: ext ( G ( n ; p ); F ) =?
Many b eautiful answ ers b y K oha y ak a w a , Rö dl , and Bright w ell, Gerk e,

Šuczak, Schacht, Steger, T a raz, P anagiotu, Prömel, Schickinger,

Simonovits, Sissokho, Sk ok an, Sós.

Even many mo re questions . But our time is �nite.

Thanks fo r y our attention!
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